Integration by Parts
(4.8) Theorem. [fu, vare

1 i
I;;T&E( = ujvdr —

two functions of X, then
”_%Gvdx)]dx ;

First function x integral of secon

roduct of two functions =
of first function x integral of second function).
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, dw
Pronf. Let IV dy = w, theny = -B—;

d dw  du -
Now, dx W) =V Y 0

Integrating both sides of (1) with respect to x, we have
([ d)
uw = (u 4 + W d") dx

J dx dx

[ dw : du
' u P dx +dex dx

Il

uv dx +-[wﬂ dx

dx
Iuv dx = uw- glwdx
: x

= rf'J’vdx _I[%(fvdx)]dx.

Note. The choice of the functions # and v is to be made in such a way that the
antiderivative of v is easily found. If antiderivatives of both u and v are known,

then v is to be selected as that part which yields I(% J. dx) dx easier to be

Il

d _ | 5 .
evaluated than J.(‘T;'Iudx) dx . Although there are no general directions for

choosing # and v, but if one factor involves power of x, then it is profitable to take
this factor as u. Since antiderivates of logarithmic, inverse trigonometric and
inverse hyperbolic functions are not obvious, these functions are to be taken as u.
If after the choice of # and v, an integral is obtained which is more complicated
than the original integral, then our selection of # and v is not appropriate. It is just
possible that the rule may not work and we may have to apply some other
technique. 5 K

Example 7. Evaluate I = J-f:/sinxdx.

Solution. Take v =x and v = sin x so thatJ‘vdxd_=J‘sin xdx =-cosx
. du
and dx — 1.
Now, integrating by parts, we have

I = x(- cosx)-.[l(—cosx)dx

= —-xcosx+J‘cosxdx = —~xcosx+sinx,
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Integration of Ratlona] Functions

(4.10) Definition. An expression of the type Z&)

: . g,-(? » where f (x) and
g () are polynorm:cﬂs with real coefficient, is called a rq
In this section we perform the integration of suc

tional function.
Example 15. Evaluate J =

h functions.
dx
NG
(+2) +[ L ]2

Let™ x+5 = z thendx=dzand on substitution, we have

Solution. 7= _[

-
-~

e ke Ae

2 f2x+3)

R Y

3x+1 dx
22 -2x+3 -

Solution. We split 3x + 1 into two parts such that one part is derivative of the
~ denominator i.e., 4x — 2. Then -

Example 16. Evaluate ] =

3 L,
Ix+1 = z(4x—2) +5 and

£ 4x-2
422 -2x+3

dx +%I dx 3
, Z(xJ—xﬂ-E)

3 4x — 2 dx
1

i oy i +%I(¥__2_) +[}2§)2

2
3 | \5 21
Z|n|2x2_2x+3|+2 arctan(\[g :

0
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